We consider the variational principle in the covariant formulation of modified teleparallel theories with second order field equations. We vary the action with respect to the spin connection and obtain a consistency condition relating the spin connection with the tetrad. We argue that since the spin connection can be calculated using an additional reference tetrad, modified teleparallel theories can be interpreted as effectively bigravity theories. We conclude with discussion about the relation of our results and those obtained in the usual, non-covariant, formulation of teleparallel theories and present the solution to the problem of choosing the tetrad in f (T ) gravity theories.
Introduction
Teleparallel gravity is an alternative formulation of general relativity that can be traced back to Einstein's attempt to formulate the unified field theory [1] [2] [3] [4] [5] [6] [7] [8] [9] . Over the last decade, various modifications of teleparallel gravity became a popular tool to address the problem of the accelerated expansion of the Universe without invoking the dark sector . The attractiveness of modifying teleparallel gravity-rather than the usual general relativity-lies in the fact that we obtain an entirely new class of modified gravity theories, which have second order field equations. See [39] for the extensive review.
A well-known shortcoming of the original formulation of teleparallel theories is the problem of local Lorentz symmetry violation [40, 41] . This is particularly serious in the modified case, where we often encounter situations that out of two tetrads related by a local Lorentz transformation, only one solves the field equations. Since both tetrads correspond to the same metric, it is not the metric tensor but a specific tetrad that solves a problem in modified teleparallel theories.
This introduces a new complication of how to choose the tetrad. As it turns out, the tetrad must be chosen in a specific way or otherwise the field equations lead us to the condition f T T = 0, which restricts the theory to its general relativity limit. Tetrads that lead to this restriction were nicknamed bad tetrads, while those that avoid it and lead to some interesting new dynamics as good tetrads [42, 43] . An intriguing sub-class of good tetrads are those that lead to T = const, which can be used to show that the solutions of the ordinary GR are the universal solutions of an arbitrary f (T ) gravity [44, 45] .
Recently [46] , it was shown that local Lorentz invariance can be restored in modified teleparallel theories, if the starting point is a more general formulation of teleparallel gravity [47] [48] [49] [50] [51] [52] [53] [54] , in which teleparallelism is defined by a condition of vanishing curvature. This introduces the purely inertial spin connection to the theory that can be calculated consistently in the ordinary teleparallel gravity [52, 53] . However, in the modified case it was argued to be possible only to "guess" the connection by making some reasonable assumptions about the asymptotic properties of the ansatz tetrad [46] . While it was shown to work, and even to be rather easily achievable, in many physically interesting cases [46, [55] [56] [57] , it is obviously not a satisfactory situation and better understanding of covariant modified teleparallel theories is needed.
In this paper, we discuss various approaches to the the variational principle and derive the condition (27) relating the spin connection with tetrad by varying the action with respect to the spin connection. We argue that in many situations the solutions of this condition correspond to the "guesses" discussed in Ref. [46] . We further obtain understanding of why T = const can be used to show the universality of general relativity solutions in f (T ) gravity. We show that all these results can be always interpreted in the original, non-covariant, formulation and explain the physical origin of why some tetrads are "good", and some other "bad".
Moreover, we argue that we can view modified teleparallel gravity theories as effectively bigravity theories with two tetrads, where the first tetrad determines the spacetime metric, while the second tetrad generates the spin connection and corresponds to the non-dynamical, "reference", metric.
Notation: We follow notation, where the Latin indices a, b, ... run over the tangent space, while the Greek indices µ, ν, ... run over spacetime coordinates. The spacetime indices are raised/lowered using the spacetime metric g µν , while the tangent indices using the Minkowski metric η ab of the tangent space.
Covariant formulation of teleparallel theories
Teleparallel theories are formulated in the framework of tetrad formalism, where the fundamental variable is the tetrad, h a µ , related to the spacetime metric through the relation
The parallel transport is determined by the spin connection, which is fully characterized by its curvature and torsion in the metric compatible case. In general relativity, we use the connection with vanishing torsion known as the Levi-Civita connection. In teleparallel gravity, we follow a complimentary approach and define the teleparallel connection, ω a bµ , by the condition of zero curvature
The most general connection satisfying this constraint is the pure gauge-like connection [47] 
where Λ c b = (Λ −1 ) c b . The torsion tensor of this connection
is in general non-vanishing, and under the local Lorentz transformations
transforms covariantly. Therefore, this approach to teleparallel theories is called the covariant approach [52, 46] ; in contrast with the more common non-covariant approach that will be discussed in section 6. The Lagrangian of teleparallel gravity is given by [8] L
where h = det h a µ , κ = 8πG is the gravitational constant (in c = 1 units), and we have defined the torsion scalar
where S ρσ a is the superpotential
A straightforward calculation shows that the teleparallel Lagrangian (6) and the EinsteinHilbert one are equivalent up to a total derivative term [8] 
from where follows that the field equations of general relativity and teleparallel gravity are equivalent.
Since the Lagrangian (6) contains only the first derivatives of the tetrad, we can straightforwardly construct modified gravity theories with second order field equations. The most popular of these theories is the so-called f (T ) gravity [10] [11] [12] [13] defined by the Lagrangian
where f (T ) is an arbitrary function of the torsion scalar (7). The variation with respect to the tetrad yields the field equations [46] 
where the term on the right-hand side is the energy-momentum tensor defined by
and L M (h a µ , Φ) is the matter Lagrangian not depending on derivatives of the tetrad. On the left-hand side we have introduced a shortened notation for the Euler-Lagrange expression
where
and f T and f T T denote first and second order derivatives of f (T ) with respect to the torsion scalar T . The field equations of the ordinary teleparallel gravity are recovered in the case f (T ) = T .
Variational problem in teleparallel gravity
The difficulty of the variational problem in general relativity is related to the presence of the second derivatives of the metric tensor (or tetrads in tetrad formalism) in the EinsteinHilbert action. The straightforward variation of the action leads to the field equations that are satisfied only if we require vanishing variations of both the metric and their normal derivatives on the boundary. To satisfy both these requirements simultaneously is too strong condition that leads to the variation problem that is not well-posed, what is usually solved by adding the boundary term to the action [58] [59] [60] . This problem is absent in teleparallel gravity as the teleparallel action contains just the first derivatives of the tetrad. However, we face a new difficulty since the action depends on the tetrad and the spin connection, and needs to be varied with respect to both.
The straightforward variation of the teleparallel action with respect to the spin connection as independent variable does not take into account the teleparallel constraint (2) , and can be shown to be inconsistent [61, 53, 54] . A viable solution is to enforce the teleparallel constraint (2) through the Lagrange multiplier [62, 61, 50, 54] , but this introduces additional gauge symmetries associated with the multiplier and the theory becomes significantly more complicated and hard to handle [63, 64] .
We follow here another approach that was introduced recently in Ref. [53] , which is based on writing the torsion scalar (7) in a form that guarantees that the teleparallel constraint (2) is enforced. As it turns out, specifically in the case of the torsion scalar (7) and the teleparallel connection (3), we can write the torsion scalar as [53] T
where we have introduced a shortened notation for
.
We can then easily find that the variation of the action with respect to the spin connection vanishes identically
and the field equations of teleparallel gravity (11) (with f = T ) are in fact independent of the spin conneciton
allowing us to solve the field equations using an arbitrary spin connection of the form (3). Even though the spin connection does not affect the variations of the action, it does play an important role in the theory. Beside ensuring the correct tensorial behavior under local Lorentz transformations (5), it is essential for the correct definition of the conserved charges [48, 49, 52] , and to obtain the physically relevant finite action [52, 53] . To illustrate the latter one, let us consider the teleparallel Lagrangian (6) for some tetrad h a µ that solves the field equations and some arbitrary teleparallel spin connection of the form (3). We can observe that typically the Lagrangian does not vanish at infinity and we obtain the IR-divergent action [52] .
The physical origin of this divergence can be understood if we recall that the tetrad has 16 degrees of freedom and only 10 of them are related to gravity and the metric tensor (1). The remaining 6 represent the freedom to choose the frame, i.e. the inertial effects, which are not related to any actual physical fields and hence do not necessarily vanish at infinity. The torsion tensor that includes these spurious inertial effects does not vanish at infinity and leads to the IR-divergent action.
The crucial observation is that the teleparallel spin connection is related to the inertial effects as well (3), and it can be chosen in a such way that it compensates the inertial effects associated with the tetrad. This results in the torsion tensor that does not include these spurious inertial effects and have correct asymptotic behavior [52] . To this end, we consider the reference tetrad, h a (r) µ , representing the same inertial effects as the dynamical tetrad h a µ . This is achieved by "switching off" gravity by setting some parameter that controls the strength of gravity to zero, e.g. in the case of the asymptotically Minkowski spacetimes, we can consider the limit h
since gravity as a physical field is expected to vanish at infinity. We then define the spin connection by the requirement that the torsion tensor vanishes for the reference tetrad
which has an unique solution ω
) is the Levi-Civita connection for the reference tetrad. The torsion tensor T a µν (h a µ , ω a bµ ) is then guaranteed to be well-behaved in the asymptotic limit by this construction, and the corresponding teleparallel action is finite and free of IR divergences [52, 53] . This argument can be turned around, and spin connection can be defined by the requirement of the finiteness of the action 1 .
Variational principle for modified teleparallel theories
Let us now move to the modified case and consider the case of the covariant f (T ) gravity given by the Lagrangian (10), where we can use the relation (15) to straightforwardly vary the Lagrangian with respect to the spin connection
Using the antisymmetricity of the spin connection we obtain
For an infinitesimal local Lorentz transformation
the variation of the spin connection can be written as
where D µ is the teleparallel covariant derivative acting on the algebraic indices only. We can then integrate by parts to obtain
which coincides with the result obtained recently using a different method of variation [54] . Assuming the ordinary matter with the Lagrangian independent of a spin connection, we can set this variation to vanish for all ǫ ab to obtain
where we have used
The relation (27) provides us with 6 conditions relating the spin connection with the tetrad. We can observe that the spin connection enters this relation through the torsion scalar as well as through the teleparallel covariant derivative. We can check that the spin connection discussed in Ref. [46] for the diagonal tetrads in spherical coordinate system in the case of Minkowski or spherically symmetric spacetimes satisfy this condition.
Therefore, the situation in the modified case is radically different from the ordinary teleparallel gravity, where the spin connection is left undetermined from the field equations and can be fixed only by an additional requirement of the finiteness of the action. In f (T ) gravity, the variation with respect to the spin connection is non-trivial and leads to the condition (27) for the spin connection. It is interesting to observe that in many cases, e.g. diagonal tetrads for spherically symmetric spacetimes, the spin connection that satisfies the condition (27) also leads to the finite action.
We would like to show that this is not a coincidence. In the case of the ordinary teleparallel gravity, the IR divergences appear only in the surface term that does not affect the variations of the action. If we consider a Lagrangian to be a non-linear function of the torsion scalar, as we do in f (T ) gravity, divergences appear not only in the surface term but also in the "bulk". This is a far more serious type of a divergence that leads to the failure of the variational principle and inability to derive field equations and the condition (27) consistently. We can now see that a finite action is a necessary condition for a consistent variational problem used to derive the condition (27) itself.
Case T = const
An interesting situation is when the spin connection is chosen in a such way that T = const, which straightforwardly solves the condition (27) . Naively, this seem to be in contradiction with the above statement about the finiteness of the action. However, it turns out that these solutions are in fact equivalent to the ordinary teleparallel gravity and hence avoid the problem of the divergences being in the "bulk".
The equivalence with teleparallel gravity can be seen if we restore the factor f T T in (27) and write
which we can rewrite then as
The solution of this equation is a simple linear function
where c 1 , c 2 are some constants, what return us back to the ordinary teleparallel gravity. We can that interpret this as that for any solution of general relativity it is possible to find such a spin connection that leads to T = const, which trivially solves the field equations of f (T ) gravity for an arbitrary function f [43] [44] [45] . Therefore, solutions of general relativity can be considered to be universal solutions of arbitrary f (T ) gravity. However, new solutions of f (T ) gravity can be obtained only if we find non-trivial solutions, i.e. not T = const, to the condition (27).
Teleparallel theories as bigravity theories
We have shown here that the variation of the action with respect to both the tetrad and the spin connection lead us to the field equations (11) and the condition (27) . However, solving both simultaneously for a general tetrad and spin connection is usually a too complicated problem. We should remind here that the gravitational field equations are practically always solved using an ansatz tetrad that corresponds to the symmetry of the problem. We now face an additional difficulty of how to find the spin connection that solves the condition (27) for our ansatz tetrad.
In Ref. [46] , it was suggested that the spin connection can be calculated by introducing the reference tetrad and using the relation (21) to calculate the spin connection. This was motivated by the previous work in the ordinary teleparallel gravity [52] , where the reference tetrad-on the account of the property (18)-could be defined self-consistently. In f (T ) gravity it was argued that the reference tetrad has to be "guessed", what is obviously a rather ambiguous statement and needs to be elaborated.
We now present a consistent definition of the procedure developed in Ref. [46] . Since the spin connection can be written as a function of the reference tetrad (21), we can straightforwardly re-write the field equations and the condition (27) as functions of two tetrads
The reference tetrad is now determined from the system of equations (31) and the condition that the corresponding metric is the Minkowski one 2
This results into a fully consistent definition of the theory, where the reference tetrad is determined self-consistently. There are two interesting aspects of why this reformulation in terms of two tetrads is worth considering. Firstly, working with two tetrads is often simpler for calculational reasons. As it was already demonstrated in Ref. [46] , it is relatively easy to guess the reference tetrad from the form of the ansatz tetrad. We can then take this reference tetrad and perfrom a simply check whether the condition (27) is satisfied, what is a much simpler task than to solve it for a general teleparallel spin connection.
Secondly, it allows us to adopt a new perspective where teleparallel theories can be considered to be effectively bigravity theories. This is based on a simple observation that the presence of two tetrads effectively introduces two metrics to the theory; the dynamical tetrad defines the spacetime metric tensor g µν by (1) and the reference tetrad analogously yields the background Minkowski metric (32) .
This reveals some interesting insights into underlying degrees of freedom of these theories. We can recall that a general tetrad has 16 degrees of freedom, but the reference tetrad is related to the Minkowski metric (32) , which is uniquely determined by the choice of the coordinate system. Therefore, the metric degrees of freedom of the reference tetrad are fixed by the choice of coordinates and the condition of γ µν being the metric of Minkowski space. The remaining 6 "inertial" degrees of freedom are not fixed by the metric, and it is precisely these degrees of freedom-represented by the Lorentz matrix-that generate the teleparallel spin connection through the relation (3).
We can also observe some interesting analogies and differences when compared with other well-known bimetric theories. Since the second metric is the non-dynamical reference metric, there is some analogy with the original bimetric theory of Rosen 3 [66] [67] [68] [69] , or bimetric massive gravity [70, 71] . However, there are also similarities with some recently proposed bigravity theories where the connection is determined from the second spacetime [72] [73] [74] .
Note on non-covariant teleparallel theories
The teleparallel connection (3) is a pure gauge-like, and hence there always exists a local Lorentz transformation,Λ a b , that transforms the connection to the vanishing one. In the original, non-covariant, approach to teleparallel theories [9] [10] [11] [12] [13] 39] , the spin connection is gauged away independently of transforming the tetrad [46] .
However, as our analysis in this paper shows, modified teleparallel theories are consistent only if the spin connection satisfies condition (27) for the given tetrad. Therefore, a local Lorentz transformation of the spin connection, should be always accompanied by a transformation of the corresponding tetrad
what reveals that only to a very special subclass of tetrads corresponds the vanishing zero connection.
We would like to show that it is always possible to do the transformation (33) and formulate the theory directly in terms of tetrads within this special class. We find that the tetrad must obey the constraint
This provides us with 6 conditions and any tetrad that satisfies them is a "good" tetrad in the sense of [43] . For instance, one can check that the off-diagonal tetrad for a spherically symmetric problem given by Eq. (39) in Ref. [46] satisfy this condition. As far as we are interested in the solutions of the field equations only, we obtain the very same results as in the covariant approach. The non-covariant teleparallel theories can be viewed then as teleparallel theories formulated in a particular gauge, analogously to electromagnetism formulated in some particular gauge. The loss of local Lorentz invariance is then not a sign of any pathology, and is indeed analogous to loosing gauge symmetry after fixing the gauge. More serious drawback exposed in this paper is that the condition for a good tetrad (34) cannot be derived naturally in the non-covariant framework, while in the covariant approach the condition (27) is derived straightforwardly by varying the action with respect to the spin connection.
Conclusions
We have analyzed the variational principle in the covariant formulation of teleparallel theories, where the fundamental variables are the tetrad and the spin connection subjected to the teleparallel constraint (2) . In the ordinary teleparallel gravity the spin connection does not affect the field equations due to the fact that it enters the action through the surface terms only. The spin connection can be then fixed just by some additional requirements as is the finiteness of the action or condition of obtaining the physically relevant conserved charges [52] .
We have shown that in the modified case the situation is radically different and the variation of the action with respect to the spin connection is non-trivial (26); coinciding with the recent result obtained using a different method of variation in Ref. [54] . We have then demonstrated that for the ordinary matter, this non-trivial variation provides us with condition (27) that completely determines the spin connection and relates it with the tetrad. We have argued that the solutions of this condition lead to the finite action, what is a necessary condition for a consistent variational principle. As a special case, we have shown that in the case T = const the f (T ) gravity reduces to the ordinary general relativity what explains the universality of its solutions [44, 45] .
We have demonstrated that in the usual (non-covariant) formulation, the condition (27) can be shown to be equivalent to a new condition for the tetrad (34) . Any tetrad that solves this condition is guaranteed to be "good" in the sense of Ref. [43] , what solves the longstanding problem of how to choose the approapriate tetrad in the non-covariant formulation of f (T ) gravity.
We have then argued that it is possible to re-formulate teleparallel theories in terms of the so-called reference tetrad instead of the spin connection. If we adopt this viewpoint, modified teleparallel theories can considered to be effectively bigravity theories, where the dynamical tetrad generates the spacetime metric, while the reference tetrad introduces the background reference metric and its inertial components generate the spin connection. This is a novel viewpoint on modified teleparallel theories and opens new way to study their underlying physical structure, as well as intriguing analogies with other bimetric theories of gravity.
Our results were demonstrated on the example of f (T ) gravity, where we could perform the variation with respect to the spin connection relatively easily due to the relation (15) . To extend these results to other modified teleparallel theories with second order field equations, e.g. see [75] [76] [77] , we need another method to vary the action with respect to the spin connection subjected to the teleparallel constraint (2) . We expect that the constrained Palatini formalism should be applicable in the general case and should lead to a condition on the spin connection analogous to Eq. (27) . Another approach is to include derivatives of torsion in the action. At least in certain cases it is possible to show that the spin connection does not need to be restricted by any constraint [30] , but generally this leads to the fourth order field equations what introduces difficulties known from the curvature-based modified theories.
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